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Abstract

When maximum likelihood estimation is infeasible, one often turns to score match-
ing, contrastive divergence, or minimum probability flow learning to obtain tractable
parameter estimates. We provide a unifying perspective of these techniques as minimum
Stein discrepancy estimators and use this lens to design two new classes of estimators,
called diffusion kernel Stein discrepancy (DKSD) and diffusion score matching (DSM),
with complementary strengths. We establish the consistency, asymptotic normality,
and robustness of DKSD and DSM estimators, derive stochastic Riemannian gradient
descent algorithms for their efficient optimization, and demonstrate their advantages
over score matching in models with non-smooth densities or heavy tailed distributions.

1 Introduction

Maximum likelihood estimation [9] is a de facto standard for estimating the unknown param-
eters in a statistical model {Py : § € ©}. However, the computation and optimization of a
likelihood typically requires access to the normalizing constants of the model distributions.
This poses difficulties for complex statistical models for which direct computation of the
normalisation constant would entail prohibitive multidimensional integration of an unnor-
malised density. Examples of such models arise naturally in modelling images [25, 37|, natural
language [46], Markov random fields [52] and nonparametric density estimation [54, 60]. To
by-pass this issue, various approaches have been proposed to address parametric inference for
unnormalised models, including Monte Carlo maximum likelihood [20], score matching (SM)
estimators [32, 33|, contrastive divergence [26], minimum probability flow learning [53] and
noise-contrastive estimation [10, 24, 25].

The SM estimator is a minimum score estimator [14] based on the Hyvérinen scoring
rule that avoids normalizing constants by depending on Py only through the gradient of
its log density V, logpy. SM estimators have proven to be a widely applicable method for
estimation for models with unnormalised smooth positive densities, with generalisations to
bounded domains [33] and compact Riemannian manifolds [45]. Despite the flexibility of
this approach, SM has two important and distinct limitations. Firstly, as the Hyvéarinen
score depends on the Laplacian of the log-density, SM estimation will be expensive in high
dimension and will break down for non-smooth models or for models in which the second
derivative grows very rapidly. Secondly, as we shall demonstrate, SM estimators can behave
poorly for models with heavy tailed distributions. Both of these situations arise naturally for
energy models, particularly product-of-experts models and ICA models [31].

In separate strand of research, new approaches have been developed to measure discrepancy
between an unnormalised distribution and a sample. In [21, 23, 44] it was shown that Stein’s
method can be used to construct discrepancy measures that control weak convergence of an
empirical measure to a target. This was subsequently extended in [22] to encompass a family
of discrepancy measures indexed by a reproducing kernel.

In this paper we consider minimum Stein discrepancy (SD) estimators and show that SM,
minimum probability flow and contrastive divergence estimators are all special cases. Within



this class we focus on SDs constructed from reproducing kernel Hilbert Spaces (RKHS),
establishing the consistency, asymptotic normality and robustness of these estimators. We
demonstrate that these SDs are appropriate for estimation of non-smooth distributions and
heavy tailed distributions.

The remainder of the paper is organized as follows. In Section 2 we introduce the class of
minimum SD estimators, including the subclass of diffusion kernel stein discrepancy estima-
tors. In Section 3 we investigate asymptotic properties of these estimators, demonstrating
consistency and asymptotic normality under general conditions, as well as conditions for
robustness. Section 4 presents two toy problems where SM breaks down, but DKSD is able
to recover the truth. All proofs are in the supplementary materials.

2  Minimum Stein Discrepancy Estimators

Let Py the set of Borel probability measures on X'. Given identical and independent (IID)
realisations from a Borel measure Q € Py on an open subset X C R?, the objective is
to find a sequence of measures P, that approximate Q in an appropriate sense. More
precisely we will consider a family Pg = {Py : § € O} C Px together with a function
D : Px x Px — R4 which quantifies the discrepancy between any two measures in Py, and
wish to estimate an optimal parameter 6* satisfying 0* € arg mingco D(Q||P). In practice,
it is often difficult to compute the discrepancy D explicitly, and it is useful to consider a
random approximation D({X;}?_,||Py) based on a IID sample X;,..., X, ~ @, such that
D{X:}1,|IPy) =25 D(Q||Pg) as n — co. We then consider the sequence of estimators

éf{_) € afgmineeeb({Xi}?:1||P0)~

The choice of discrepancy will impact the consistency, efficiency and robustness of the
estimators. Examples of such estimators include minimum distance estimators [4, 50| where
the discrepancy will be a metric on probability measures, including minimum maximum mean
discrepancy (MMD) estimation [8, 16, 39] and minimum Wasserstein estimation [6, 17, 19].

More generally, minimum scoring rule estimators [14] arise from proper scoring rules,
for example Hyvérinen, Bregman and Tsallis scoring rules. These discrepancies are often
statistical divergences, i.e. D(Py||Q) = 0 & Py = Q for all Pp,Q in a subset of Py.
Suppose that Py and Q are absolutely continuous with respect to a common measure A on
X, with respective densities pgp and q. A well-known statistical divergence is the Kullback-
Leibler (KL) divergence KL(Py||Q) = [, log(dPy/dQ)dPy where dPy/dQ is the Radon-
Nikodym derivative of Py with respect to Q. Since KL(Q|[Pg) = [, log ¢dQ — [, log pedQ,
minimising KL(Q||Py) is equivalent to maximising | + log pgdQ, which can be estimated using

the likelihood I&({Xi}?ZIHIP’g) = L3 logpe(X;). Informally, we see that minimising the
KL-divergence is equivalent to performing maximum likelihood estimation.

For our purposes we are interested in discrepancies that can be evaluated when Py is
only known up to normalisation, precluding the use of KL divergence. We instead consider a
related class of discrepancies based on integral probability pseudometric (IPM) [47] and Stein’s
method [3, 11, 56]. Let T(Y) =T(X,Y) = {f : X — Y}. A map Sp, : G C I'(RY) — T'(RY) is
a Stein operator if:

S S, [fldPg =0 Vfeg (1)

for any Py and Stein class G C T'(R?). We define a Stein discrepancy (SD) [21] to be the IPM
with underlying function space F = Sp,[G]. Using (1) this takes the form

SDs,, 161(Po]|Q) = supses,, g | [ fdPo — [ FAQ| = supyeg| [ S, [9]dQ|-

We note that the Stein discrepancy depends on Q only through expectations, therefore
permitting Q to be an empirical measure. If Py has a C! density pg on X, then one can consider
the Langevin-Stein discrepancy arising from the Stein operator 7,,[g] = (V1ogpg,g) + V- ¢
defined on g € T'(R?) [21, 23]. In this case, the Stein discrepancy will not depend on the
normalising constant of py. More general Langevin-Stein operators were considered in [23]:

Syl = 5V - (pemg),  SplAl = V- (pemA), (2)
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where g € T'(R?), A € T(R¥?), and m € T'(R**?) is a diffusion matriz. Several choices of
Stein classes for this operator will be presented below. In this paper, we focus on obtaining the
minimum Stein discrepancy estimators 05*°™™ which minimises the criterion SDs;, 16 (Q[|Po).
As we will only have access to the sample {X;}, ~ Q, we will consider the estimators
g5t minimising the approximation SDSP 6] ({Xi}i=:[[Pg) of SDs,, g)(Q[[Ps) based on a
U-statistic of the Q-integral, i.e. we seek

gStein = argmingcSDs, g ({Xi}] [|Ps).

2.1 Example 1: Diffusion Kernel Stein Discrepancy Estimators

A convenient choice of Stein class is the unit ball of reproducing kernel Hilbert spaces (RKHS)
[5]. For the Stein operator 7, and kernel kI this was first introduced in [49], and considered
extensively in the machine learning literature in the context of hypothesis testing, measuring
sample quality and approximation of probability measures in [12, 13, 15, 22, 40, 42]. In this
paper, we consider a more general class of discrepancies based on the diffusion Stein operator
in (2).

Consider an RKHS H? of functions f € I'(RY) with (matrix-valued) kernel K € T'(X x
X, R K, = K(x,-) (see Appendix A.3 and Appendix A.4 for further details). The Stein
operator S"[f] defined by (2) induces an operator Sy2Syt : I'(X x X, R™4) — I'(R)
which acts first on the first variable and then on the second one. We shall consider two
possible forms of the kernel K. Either the components of f are independent, in which case
we have a diagonal kernel (i) K = diag(A1k!, ..., \sk?) where \; > 0 and k% is a C? kernel
on X, fori=1,...,d; or (ii) K = Bk where k is a (scalar) kernel on X and B is a constant
symmetric positive definite matrix. In Appendix B we show that:

Theorem 1 (Diffusion Kernel Stein Discrepancy). For either K, we find that S)*[f](z) =
(S) Ky, f)pa for any f € HE. Moreover if & — |8 K|l € L' (Q), we have

DKSDK,M(QHP) = Sup‘?el‘?{d ‘fx d@’ = fX fX ko m Y d@( )d Q(y)
h

K0(z,y) = Sp2 Sy K (2,y) = sy Vo - Va - (p(@)m(@) K (2, y)m(y) 'p(y)).  (3)

We call DKSDg ,, the diffusion kernel Stein discrepancy (DKSD) and propose the
following U-statistic approximation:

DKSDrm({Xi}o1IPo)® = 5oy Yorcici<n KXo, X5) = sy Liy KXo, X5) (4)

with associated estimators: GPKSP ¢ argmlnee@DKSDKm({X} ' 1IPg)%. For K = Ik,
m = Ih, DKSD is KSD with kernel h(z)k(z,y)h(y), and if h = 1 we recover the usual
definition of KSD considered in previous work (see Appendix B.4 for further details):

Now that our DKSD estimators are defined, an important question remaining is under which
conditions can DKSD discriminate distinct probability measures. This will be dependent
on the kernel and the model under consideration. We say a matrix kernel K is in the Stein
class of Q if [, S HK]dQ = 0, and that it is strictly integrally positive definite (IPD) if
Joxn du'(z)K (Jc y)dp(y) > 0 for any finite non-zero signed vector Borel measure p. From
S fl(@) = (S Ky, f)aga we have that f € H? is in the Stein class (i.e., [, S[f]dQ = 0)

when K is also in the class. Setting s, = m ' Vlogp € I'(R?), we have:

Proposition 1 (DKSD as statistical divergence). Suppose K is IPD and in the Stein
class of Q, and m(z) is invertible. If s, — s, € L*(Q), then DKSDk ,,(Q||P)? = 0 iff Q = P.

See Appendix B.5 for the proof. Note that this proposition generalises Proposition 3.3
from [42] to a significantly larger class of SD. For the matrix kernels introduced above, the
proposition below shows that K is IPD when its associated scalar kernels are; a well-studied
problem [55].



Proposition 2 (IPD matrix kernels). (i) Let K = diag(k',...,k%). Then K is IPD iff
each kernel k' is IPD. (ii) Let K = Bk for B be symmetric positive definite. Then K is IPD
iff k is IPD.

The remainder of the paper will focus on properties of DKSD estimators, but before
proceeding further we introduce alternative minimum SD estimators.

2.2 Example 2: Diffusion Score Matching Estimators

A well-known family of statistical estimators due to [32, 33| are the score matching (SM)
estimators (based on the Fisher or Hyvarinen divergence). As will be shown in this section,
these can be seen as special cases of minimum SD estimators. The SM divergence is
computable for unnormalised models with sufficiently smooth densities:

SM(Q|IP) = [, [Vlogp — Viogql3 dQ = [, (|[Vlogq|3 + [[V1ogp|3 4+ 2Alog p)dQ

where A denotes the Laplacian and we have used the divergence theorem. If P = Py, the first
integral above does not depend on ¢, and the second one does not depend on the density of Q,
so we consider the approximation SM({X;}/, [|Pg) = 2 37" | Alog pe(X;)+ 3|V log pe(X:)]I3
based on an unbiased estimation for the minimiser of the SM divergence, and its estimators
OSM = argming.oSM({X;}?,|Pg), for independent random vectors X; ~ Q. The SM
divergence can also be generalised to include higher-order derivatives of the log-likelihood
[43] and does not depend on the normalised likelihood. We will now introduce a further
generalisation that we call diffusion score matching (DSM) and is a SD constructed from the
Stein operator (2) (see Appendix B.6 for proof):

Theorem 2 (Diffusion Score Matching). Let X = R? and consider the Stein operator
S, in (2) for some function m € T(R¥*?) and the Stein class G = {g = (g1,...,94) €
CHX, RN LA (X;Q) : lgll2(xs0) < 13- If p,q > 0 are differentiable and s, — s, € L*(Q),
then we define the diffusion score matching divergence as the Stein discrepancy,

DSM,o (QIIP) = sup;es, )] oo fAQ — [y FAP|* = [, [|mT (Viogq — Viegp)|;dQ.

This satisfies DSM,,, (Q||P) = 0 iff Q = P when m(z) is invertible. Moreover, if p is twice-
differentiable, and gmm "V logp, V - (gmm ' Vlogp) € L*(R?), then Stoke’s theorem gives

DSM,,, (Q[|P) = fX(HmTVm logp||3 + |m " Viog g3 +2V - (mm'Vlogp))dQ.

Notably, DSM,,, recovers SM when m(z)m(z)" = I, and the (generalised) non-negative
score matching estimator of [43] with the choice m(z) = diag(hi(z1)"/?,..., ha(xq)/?).
Like standard SM, DSM is only defined for distributions with sufficiently smooth densities.
However the 6-dependent part of DSM,,, (Q||Pg) does not depend on the density of Q, and
can be estimated using an empirical mean, which leads to a sequence of estimators

BDSM = argming o L S0 (lm ™ (X:)V, log po(X0) [} + 2V - (m(X,)m ™ (X,)V log ps (X))

where {X;}?_; is a sample from Q. Note that this is only possible if m is independent of 6,
in contrast to DKSD where m can depend on X x ©, thus leading to a more flexible class of
estimators. An interesting remark is that the DSM,,, discrepancy may in fact be obtained as
a limit of DKSD:

Theorem 3 (DSM as a limit of DKSD). Let Q(dz) = ¢(z)dx be a probability mea-
sure on R® with ¢ > 0. Suppose that f,g € C(RY) N L%(Q), ® € L*(RY), & > 0 and
Jra®(s)ds = 1, define K, = B®, where ®,(s) = v ?®(s/y) and v > 0. Let

ki(z,y) = ky(2,y)/Va(x)q(y) = &4 (z —y)/\/a(x)q(y), and set KL = Bki. Then,
Jra Jpa F(2)TK4(2,9)9(1)dQ(2)dQy) — fpa f(2) T Bg(2)dQ(z),  as v = 0.
In particular choosing f,g = s, — sq shows DKSDgg ,,(Q|P)* converge to DSM,, (Q||P).



See Appendix B.6 for a proof. Note that this theorem corrects, and significantly generalises,
previously established connections between the SM divergence and KSD (such as in Sec. 5 of
j42]).

We conclude by commenting on the computational complexity of evaluating the DKSD
loss function. The most general formulation requires O(n?d?) computational cost due to com-
putation of a U-statistic and a matrix-matrix product. However, if K = diag(A1k!, ..., \gk?)
or K = Bk, and if m is a diagonal matrix, then we can by-pass expensive matrix products
and reduce the computational cost to O(n%d), making it comparable to that of standard
KSD. Although we do not consider these in this paper, recent approximations to KSD could
also be adapted to DKSD to reduce the computational cost to O(nd) [30, 34]. For the DSM
loss function, the computational cost is of order O(nd?), making the cost comparable to that
of the SM loss. From a purely computational viewpoint, DSM will hence be preferable to
DKSD for large n, whilst DKSD will be preferable to DSM for large d.

2.3 Further Examples: Contrastive Divergence and Minimum Prob-
ability Flow

The class of minimum SD estimators also includes other well-known estimators for unnor-
malised models. Let Xz, n € N be a Markov process with unique invariant probality measure
Py, for example a Metropolis-Hastings chain. Let P3' be the associated transition semigroup,
ie. (Pyf)(z) =E[f(X})|Xg = z]. Choosing the Stein operator S, = I — P§* and Stein class
G = {logpy + ¢ : ¢ € R}, leads to the following SD:

CD(Q|Py) = [ (logpy(x) — Py log pe(x))dQ(x) = KL(Q||Ps) — KL(Qj||Ps),

where Qp is the law of X7|XJ ~ Q and assuming that Q < Py and Q) < Py, which
is the loss function associated with contrastive divergence (CD) [26, 41]. Suppose now
that X is a finite set. Given 6 € © let Py be the transition matrix for a Markov process
with unique invariant distribution Py. Suppose we observe data {z;}?_; and let g be the
corresponding empirical distribution. Choosing the Stein operator S, = I — Py and the
Stein set G = {f € I'(R) : [|f[lcc < 1}. Note that, g € argsup ¢ |Q(Splg])| will satisfy
g(i) = sgn(q" (I — Py);), and the resulting Stein discrepancy is the minimum probability flow
loss objective function [53]:

MPFL(Q|P) = X2, |(1 = Po) "a)y| = X ygiunyr, |3 Sovetoyr, (I = Po)ay|-

i=1

2.4 Implementing Minimum SD Estimators: Stochastic Rieman-
nian Gradient Descent

In order to implement the minimum SD estimators, we propose to use a stochastic gradient
descent (SGD) algorithm associated to the information geometry induced by the SD on the
parameter space. More precisely, consider a parametric family Pg of probability measures on
X with © C R™. Given a discrepancy D : Pg X Po — R satisfying D(P,||Py) = 0 iff P, = Py
(called a statistical divergence), its associated information tensor on O is defined as the map
0 s g(6), where g(6) is the symmetric bilinear form g(6);; = —%(0?/0a'967) D (P4 ||Pg)|a=s
[2]. When g is positive definite, we can use it to perform (Riemannian) gradient descent
on the parameter space ©. Under conditions stated in Proposition 4, DKSD is a statistical
divergence. We provide below its metric tensor:

Proposition 3 (Information Tensor DKSD). Assume the conditions of Proposition /
hold. The information associated to DKSD is positive semi-definite and has components

gpksD(0)i5 = [ [ (Vi logpe) " me(a) K (z,y)mg (y)V,d: log pedPy(z)dPs ().

See Appendix C for a proof of this result, and the corresponding expression and proof
for DSM (which extends the result for SM of [35]). Given an (information) Riemannian
metric, recall the gradient flow of a curve 6 on the Riemannian manifold © is the solution to
0(t) = —Vo) SD(Q]|Pg), where Vy denotes the Riemannian gradient at ¢. It is the curve
that follows the direction of steepest decrease (measured with respect to the Riemannian
metric) of the function SD(Q||Py) (see Appendix A.5).



The well-studied natural gradient descent [1, 2| corresponds to the case in which the
Riemannian manifold is ©® = R™ equipped with the Fisher metric and SD is replaced
by KL. When © is a linear manifold with coordinates (%) we have V4 SD(Q|Py) =
g(0)71de SD(Q||Py), where dpf denotes the tuple (dp:f), which we will approximate at
step ¢ of the descent using the biased estimator gg, ({X!};)~*dg,SD({ X!}, |[Py), where
go, {X!}™ ) is an unbiased estimator for the information matrix g(6;) and {X} ~ Q}; is a
sample at step t. Given a sequence (7;) of step sizes we will approximate the gradient flow
with

Ori1 = 00 — vego, ({XE7_1) " dg, SDUXLYE, [|Py).

3 Theoretical Properties for Minimum Stein Discrepancy
Estimators

In this section we show that the minimum DKSDg ,, estimators have many desirable

properties. We begin by establishing strong consistency under simple assumptions, é}? KSD 2.2,

0* = argmingcg DKSDx ., (Q,Pg)2. We will assume we are in the specified setting, Q =
Py« € Po. In the misspecified setting will need to also assume the existence of a unique
minimiser. The derivations of the results are given in Appendix D.

Theorem 4 (Strong Consistency of DKSD). Let X =R%, © C R™. Suppose that K is
bounded with bounded derivatives up to order 2, that k°(z,y) is continuously-differentiable on
an R™-open neighbourhood of ©, and that for any compact subset C' C © there exist functions

J1:f2,91,92 s.t.
1. ||mT(z)Viog pe(z)|| < fi(z), where fy € L*(Q) and continuous,
2. ||[Vo(m(z) "Viogpe(2))|| < g1(x), where g1 € L*(Q) is continuous,
3. Im(z)|| + [[Vem(z)|| < fa(z) where fo € LY (Q) and continuous,
4. IVom(2)|| + |[VoVaem(z)|| < g2(x) where go € LY(Q) is continuous.

Assume further that 0 — Py is injective. Then we have a unique minimiser 0*, and if either

© is compact, or 0* € int(©) and © and 0 — ]D/I{S\]DK,H({Xl-}?:1,}P’g)2 are convex, then
HEKSD 18 strongly consistent.
Given consistency of the estimators, we now characterise their oscillations around 6*.

Theorem 5 (Central Limit Theorem for DKSD). Let X and © be open subsets of R?
and R™ respectively. Let K be a bounded kernel with bounded derivatives up to order 2 and
suppose that QPKSD Ly 0* and that there exists a compact neighbourhood N C © of 6* such

that 0 — If{ﬁ);(’m({Xi}?:l, Py)? is twice continuously for 6 € N,
1. [lm™ (2)Viog po(x) ]| + [[Vo (m(z) "Viogpe(x)) || < fi(x),
2. [|[m()|l + [Vem(z)|| + [Vem(2)[| + [[VoVam(z)|| < fa(2),
3. |VoVa(m(z)"Viogpe(a))|l + |[VaVeVe(m(z) T Viegps(z))| < g1(x),
4. [VoVom(z)|| + | VeV Vam(z)|| + [[VoVeVem(z)|| + || VoVeVeVem(z)|| < ga2(z),

where fi1, fo € L*(Q),91, 92 € L*(Q) are continuous. Suppose also that the information tensor
g is invertible at 0*. Then

\/ﬁ(éEKSD - 9*> i> N(O7915I1<SD(9*)295}1<SD<9*))

where 3 = [ ([ Vo- k{2, 9)dQ)) ® ([, Vo ki (z, 2)dQ(2)) dQx).



For both results, the assumptions on the kernel are satisfied by most kernels common in
the literature, such as Gaussian, inverse-multiquadric (IMQ) and any Matérn kernels with
smoothness greater than 2. Similarly, the assumptions on the model are very weak given
that the diffusion tensor can be adapted to guarantee consistency and asymptotic normality.

In Appendix D.2 we also prove the consistency and asymptotic normality of DSM,,.
In the important case in which the density py lies in an exponential family, i.e. pg(z) x
exp((0, T(z))gm — c(0)) exp(b(x)), (here § € R™ and T € I'(R™) is the sufficient statistic)
the Stein kernel is a quadratic kX = 6T A0 +v'6 + ¢. Note V,logpy = Vob+6 -V, T
and VoV, logpy = V,TT. If K is IPD with bounded derivative up to order 2, VT has
linearly independent rows, m is invertible, and ||[VTml||, |V.b||[|m||, |Vem| + [|m| € L*(Q),
then the sequence of Stein estimators is strongly consistent and asymptotically normal (see
Appendix D.3).

3.1 Robustness of Diffusion Stein Discrepancies

A concept of importance to practical inference is robustness when subjected to corrupted
data [29]. In this section we quantify the robustness of DKSD estimators in terms of their
influence function, which can be interpreted as measuring the impact of an infinitesimal
perturbation of a distribution [P by a Dirac located at a point z € X on the estimator. If g
denotes the unique minimum DKSD estimator for Q, then the influence functions is given
by IF(z,Q) = 0;0q, |1=0 if it exists, where Q; = (1 — t)Q + ¢4, for ¢ € [0, 1]. An estimator is
said to be bias robust if IF(z, Q) is bounded in z.

Proposition 6 (Robustness of DKSD estimators). Suppose that the map 6 — Py is injective,
for 0 € ©, then IF(2,Pg) = gpksp(0) " [ Vok®(z,y)dPy(y). Moreover, suppose that the ker-
nel is bounded with bounded derivatives and that for s, = m' V log pg, we have ||s,||+||Ves,| €
LY(Q), and [|m||+||Vem||+[|VeVem| € LY Q). If F(x,y) — 0 as |y| — oo for allx € X, for
each F(z,y) = [|K(z,y)sp(y)|, | K(z,y)VospW)ll, VoK (2,y)sp)ll, VK (z,4)Vosp(y)ll,
IVyVa (K (2, y)m(y)) [,[IVy Va (K (2,y) Vom(y))|, then sup.cx || IF (2, Po)|| < oo

The analogous results for DSM estimators can be found in Appendix E. Consider a
Gaussian location model, i.e. py oc exp(— ||z — 0||3), for # € R?. The Gaussian scalar kernel
k(x,y) satisfies the assumptions of Proposition 6 so that sup, || IF(z,Py)|| < oo, even when
m = I. The classical score matching estimator fgys for 6 is the arithmetic mean [ ¢ 2dQ(z), for
which the corresponding influence function is IF(z,Q) = z — [, 2dQ(z) which is unbounded
with respect to z, and thus not robust. This clearly demonstrates the importance of carefully
selecting a Stein class for use in minimum SD estimators.

On the other hand, introducing a spatially decaying diffusion matrix in DSM can in-
duce robustness. To this end, consider the minimum DSM estimator with scalar diffusion
coefficient m. Then Opsy = ([, m?*(2)dQ(z)) 7 ([, m?(2)zdQ(z) + [, Vm?(z)dQ(z)). A
straightforward calculation yields that the associated influence function will be bounded if
both m(z) and ||Vm(z)|| decay as ||z|| — oco. This clearly demonstrates another significant
advantage provided by the flexibility of our family of diffusion SD, where the Stein operator
also plays an important role.

4 Numerical Experiments

In this section, we explore advantages of DKSD and KSD over SM for two toy estimation
problems. These examples demonstrate worrying breakpoints for SM, and highlight how
these can be straightforwardly handled using DKSD. In all experiments, the kernel is fixed
to an IMQ kernel k(z,y; ¢, B) = (c® + ||z — y||3)? with ¢ = 1. and 8 = —0.5.

4.1 Rough densities: the symmetric Bessel distributions

A major drawback of SM is the smoothness requirement on the target density. However,
this can be remedied by choosing alternative Stein classes, as will be demonstrated below in
the case of the symmetric multivariate Bessel distributions. Let K,_g/5 denote the modified
Bessel function of the second kind with parameter s — d/2, which is real-valued whenever the
input is real and positive. This distribution is a generalization of the Laplace distribution [3§]
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Figure 1: Minimum SD Estimators for the Symmetric Bessel Distribution. We consider the
case where 07 = 0 and 65 = 1 and n = 100 realisations are available from the distribution for
a range of smoothness parameter values s in d = 1.

and has log-density: py(z) o (|2 — 01|2/02) " YP K, _g/5(]|x — 61]|2/02) where 6 = (61, 02)
consists of location parameter §; € R? and a scale parameter f > 0. The parameter s > %
encodes smoothness.

We compared SM with KSD based on a Gaussian kernel and a range of lengthscale values
in Fig. 1. These results are based on n = 100 IID realisations in d = 1. The case s =1
corresponds to a Laplace distribution, and we notice that although both SM and KSD are
able to obtain a reasonable estimate of the location parameter 61, SM is not able to recover
the scale parameter #;. For rougher values, for example s = 0.6, we notice that the same
behaviour of SM also occurs for the location parameter, even though KSD is still able to
recover it. Finally, when s = 2, SM and KSD are both able to recover 65 and 65 up to some
error due to the finite number of data points available.

4.2 Heavy-tailed distributions: the non-standardised student-t dis-
tribution

A second drawback of standard SM is that it is inefficient for heavy-tailed distributions. To
demonstrate this, we focus on the following family of non-standardised student-t distributions:
po(x) o< (1/02)(1 4 (1/v) (|| — 61]|2/62)%)~@+1/2. Once again, 6 = (6, 65), where 6, is a
location parameter and 6> a scale parameter. Furthemore, v is an additional parameter
determining the degree’s of freedom. When v = 1, this correspond to the Cauchy distribution,
whereas v = oo gives the Gaussian distribution. For small values of v, the student-t
distribution is heavy-tailed.

We illustrate SM and KSD for v = 5 with (0],63) = (25, 10) in Figure 2. This choice of v
is large enough so that the first two moments exist, but also guarantees that the distribution
is heavy-tailed. As observed in the far left plot, both SM and KSD struggle to recover 67
when n = 100, and the loss functions are far from convex in this case. However, DKSD
with matrix mg(x) = 1 = ||z — 61]|?/63 is able to obtain a very accurate estimate of 6;. In
the middle left plot, we reproduce the same experiment but for 65 with SM, KSD and their
correponding non-negative version (NNSM & NNKSD), which are particularly well suited
for scale parameters. However, DKSD with mg(z) = ((z — 01)/602)(1 + (1/v)|lz — 61]|3/62%)
provides significant further gains. On the right-hand side, we also consider the advantage
of the Riemannian SGD algorithm over SGD for this same experiment by illustrating both
methods on the KSD loss function, but with n = 1000. Both algorithms use constant stepsizes
optimised for the experiment and minibatches of size 50. As demonstrated, for both #; and 6,
Riemmannian SGD converges within a few dozen iterations, whereas SGD hasn’t converged
after 1000 iterations.
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Figure 2: Minimum SD Estimators for Non-standardised Student-t Distributions. We consider
several minimum Stein discrepancy estimators for a student-t problem with v = 5,07 =

25,05 = 10.
5 Conclusion

This paper introduced a general approach for constructing minimum distance estimators
based on Stein’s method, and demonstrated that many popular inference schemes can be
recovered as special cases, including SM [32, 33|, contrastive divergence [26] and minimum
probability flow [53]. This class of algorithms gives us additional flexibility through the choice
of an operator and function space (the Stein operator and Stein class), which can be used
to tailor the inference scheme to the model at hand, and we illustrated this through simple
examples including distributions with heavy tails or rough densities for which SM breaks
down.

However, this paper only scratches the surface of what is possible with minimum SD
estimators. Looking ahead, it will be interesting to identify diffusion tensors which increase
efficiency for important classes of problems in machine learning. One example on which
we foresee progress are the product of student-t experts models [36, 57, 59], whose heavy
tails render estimation challenging for SM. Advantages could also be found for other energy
models, such as large graphical models where the kernel could be adapted to the graph [58].
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Supplementary Material

This document provides additional details for the paper “Minimum Stein Discrepancy
Estimators”. Appendix A contains background technical material required to understand the
paper, Appendix B derives the minimum SD estimators from first principles and Appendix C
derives the information metrics for DKSD and DSM. Appendix D contains proof of all
asymptotic results including consistency and central limit theorems for DKSD and DSM,
whilst Appendix E discusses their robustness.

Our derivations will use standard operators from vector calculus which we summarise in
Appendix A.1. We will additionally introduce the following notation. We write f < g if there
is a constant C' > 0 for which f(z) < Cg(z) for all z. We set Qf = [ fdQ and use T(W,))
for the set of maps W — ) when W # X.

A Background Material

In this section, we provide background material which is necessary to follow the proofs in the
following sections. This includes background in vector calculus, stochastic optimisation over
manifolds and vector-valued reproducing kernel Hilbert spaces.

A.1 Background on Vector Calculus

The following section contains background and important identities from vector calculus. For
a function g € F(XJR), v E F(X,Rd) and A € F(X,RdXd) with components A;;, v;, g, we
have (Vg); = 0ig, (v- A); = vjAj; = (wT A, (V- A); = 0;A;; which must be interpreted as
the components of row-vectors; (Av); = A;jv; which are the components of a column vector.
Moreover (Vv);; = 0;v;, V2f =V(Vf), A: B=(A,B) = Tr(A" B) = A;; B;;. We have the
following identities (where in the last equality we treat V - A and Vg as column vectors)

V- (gv) = 0i(gui) = vi0ig + gdivi = (Vg)v + gV v = Vg v+ gV - v,
V- (Av) = 0;(Aijv) = (V- A)v + Tr[AVy] = (V- A) - v + Tr[AV].

A.2 Background on Norms

For F' € T'(X,R™*"2) we set ||F||p = [ ||F(z)|5dQ(z), where ||F(x)]|, is the vector p-norm
on R™*™ when ny = 1, else it is the induced operator norm. If v € I'(X,R"), then
lollz = [ lo(@)2de = [ 5, [os(@)Pde = 5, v, hence v € L,(Q) iff v; € L,(Q) for all i
and similarly F' € L,(Q) iff F}; € L,(Q) for all ¢, j since the induced norm ||F(x)||, and the
vector norm || F|[},.. = >, |Fi;()|P are equivalent.

A.3 Background on Vector-valued RKHS

A Hilbert space H of functions X — R? is a RKHS if ||f(2)|lge < C.|/f]l%. It follows
that the evaluation “functional" 6, : H — R? is continuous, for any 2. Moreover for any
r € X,v € R the linear map f + v- f(z) is cts. By the Riesz representation theorem, there
exists K,v € H s.t. v- f(x) = (K,v, f). From this we see that K, v is linear in v (turns out
linear combinations of K,,v; are dense in H), and K* = §,. We define K : X x X — End(R%)
by

K(z,y)v = (Kyv)(v) = 0,0,v.

It follows that K(z,y) = K(y,z)* and u- K (z,y)v = (K,v, K u). Denote by e; the i*! vector
in the standard basis of R¢. From this we can get the components of the matrix:

(K(z,y));; = (Kzei, Kyej).

We have for any v, xj, >, v; - K (2, 25)ve > 0.
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A.4 Background on Separable Kernels

Consider the d dimensional product space H? of function f: X — R¢ with components
fi € H; and H; is a RKHS with kernel C? kernel k¥ : X x X — R. Let K : X x X —
End(R%) = R*9 be the kernel of H? (see Appendix A.3). Note if K, = K(z,-) : X —
End(R%), and if v € RY, then K,v € H?. The reproducing property then states that Vf € H:
(f(x),v)ga = {f, K(-,x)v)pa. Moreover for the kernel K = diag(A1k!,..., \gk?) we will
prove below that (f, g)ya = /\% > i (fi» gi)n,, whereas for K = Bk where B is symmetric and
invertible we should have (f, g)3a = 3>_,; Bi_jl<fi,gj>H.

Given a real-valued kernel k; on X, consider K = diag(A1k1, ..., Anky). Let f = Zj 63,5
Recall this is a dense subset of H%: we will derive the RKHS norm for this dense subset
and by continuity this will hold for any function. Given the norm, the formula for the inner
product will follow by the polarization identity. We have

fi(@) = 62(f) - e; = 020505 - e = K(x,2)v; - e;
= diag(Aik1,. .., A\kn)(z, 25)v; - €, = Niki(z, ,’Ej)’l);'

1130 = (05,05, 05,001, = vj - K (25, 20) v = vf Nk (25, 21)vf

On the other ha‘nd7 Ez ,\Ll<f17 f1>k1 = Zz iAgU;U;kl(xja Z'l)- Thus HfH'QHK = )% i<fi7 fi>k7¥'
For a symmetric positive definite matrix B, consider the kernel on H K(z,y) = k(z, y)B.
Let f =3, 67 vj. We have:
fi(@) = 62(f) - e; = 0205 vj - e; = K(x,2;)v; - e; = Bvj - €;kz; (x)

This implies f; € Hg. Then
1£115,, = (03,05, 05, 00)m,c = vj - K(zj, m)vr = k(x;, 21)v; - Bu.
On the other hand (f;, fj)r = e:Bvre;-'—Bvsk(:vs,xT). Notice
Bigle;err = Bingilvi = ;0L = vi.

So we have:

Bi;1<fi, fidk = vie;'—Bvsk(acs, zy) = v Bjovek(zs, x,) = v, - Busk(xs, )

A.5 Background on Stochastic Optimisation on Riemmannian Man-
ifolds

The gradient flow of a curve 6 on a complete connected Riemannian manifold © (for example
a Hilbert space) is the solution to () = —Vo) SD(Q||Pg), where Vy is the Riemannian
gradient at . Typically ' the gradient flow is approximated by the update equation
0t +1) = eXpe(t)(—’ytH(Zt, 0)) where exp is the Riemannian exponential map, (y;) is a
sequence of step sizes with >_ 72 < oo, 3" v; = 400, and H is an unbiased estimator of the loss
gradient, E[H (Z;,0)] = V¢ SD(Q||Pg). When the Riemannian exponential is computationally
expensive, it is convenient to replace it by a retration R, that is a first-order approximation
which stays on the manifold. This leads to the update 0(t + 1) = Ry (—y:H (Zt,0)) [7].
When © is a linear manifold it is common to take Ry (—v:H (Zt,0)) = 0(t) — v H(Z, 0(1)).
In local coordinates (6°) we have Vo SD(Q||Py) = g(0) 'dy SD(Q||Py), where dgf denotes
the tuple (9y: f), which we will approximate using the biased estimator H({X/};,0) =
Goory { X} n_)1deSD({ X!}, ||Pg), where Goy({X7}7-1) is an unbiased estimator for the
information matrix g(f(t)) using a sample {X!}" ; ~ Q. We thus obtain the following
Riemannian gradient descent algorithm

O(t+ 1) = () — vdocy (X1} y) " docy SDU XY, [|Py).

When © = R™, 7, = 1, g is the Fisher metric and S/]\D({X;5 ™ ,||Pg) is replaced by
ﬁ({Xf " _,||Pp) this recovers the natural gradient descent algorithm [1].

1See sec 4.4 [18] for Riemannian Newton method
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B Derivation of Diffusion Stein Discrepancies

In this appendix, we carefully derive the diffusion SD studied in this paper. We begin by
providing details on the diffusion Stein operator, then move on to the DKSD and DSM
divergences and corresponding estimators.

For either matrix kernels introduced in Appendix A.4, we will show in Appendix B.1 that
VfeH: SPfl(x) = (S Ky, f)aa. In Appendix B.2 we prove that if 2 — [|S71 K, |30 €
L'(Q), then

DKSDk . (Q[P)* = Sup((ﬁ\”d | [ STRIAQ|" = [y [y SP2SI K (2, y)dQ(x)dQ(y).
R||<1

In Appendix B.3 we further show the Stein kernel satisfies

K (y) = S8 K () = sk V- Vi - (p(a)m(@) K (2, y)m(y) Tp(y)).

B.1 Stein Operator
By definition for f € F(X,Rd) and A € F(X,RdXd)

Splfl = %V “(pmf) =m"Vliogp- f+ V- (mf),
SplA] = %V - (pmA) =mTViogp- A+ V- (mA)
which are operators F(X, Rd) — F(X, R) and F(X, RdXd) — F(X, Rd) respectively.
Proposition 7. Let X be an open subset of R?, K = diag(A1k!,...,\¢k?) or K = Bk.
Suppose m and k' are continuously differentiable. Then for any f € H¢
Splf1(@) = (SplK ]|z, fna
Proof
For any f € H?
(f(2),m(z)"Viogp(z))ra = (f, K(-,x)m(x) "V logp(z))sa
= (f, K m(z) " Vlogp(x))3a
= (f,m(z) " Viogp(z) - Ky )pa
Moreover if K = Bk, then V - (mBk) = Bji(karmrj + m;r,.ark) e; so that

(f,V - (mK)|3)ya = (f, Bji(kOrmp; + m;«ark)|x6i>7{d
= B (fs, Bji(koOrmiuj|o +m ], (2)0:kl2) )2
= 5js<fsa kzarmrj|ac + m;r(x)ark‘zﬁ-l
= (for kaOrmpsle + m ()0, k|2 )
= Ormirala(fo, ka)r + M (2)(fs, Orkle)ne
= Ormysls fs(x) + m;(x)arfs‘z
=V -mly - f+Tr[mVf]
=V (mf)la-
Similarly if K = diag(A1k', ..., A\gk?) and B = diag(\1,. .., \q), then V-(mK) = \;0s(kimy;)e;
and hence
(£, V- (mE)|s)pa = (f, NiDs(msik?)| i) 3
= )%,<fia Ai0s(mgik")] o)
= mi(2)(fi, Osk’| ) + Osmisil e (fis ki)
msi (%) (fis Osk* )2 + Osmsile(fis ki)
msi(2)0s fi(x) + Osms; fi()
=Trm(z)V Sl + V- mls - f(2)
=V (mf)la.
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Therefore, we conclude that Sp[f](z) = (SpKz, f)a where SIK, = S![K]|, means ap-
plying S, to the first entry of K and evaluate it z, so informally S; K]l :y — %Vm .

(p(z)m(z)K (z,y)). n

B.2 Diffusion Kernel Stein Discrepancies

Proposition 8. Suppose Sy[f](z) = (S}[K]|e, f)ua for any f € H?. Let m and K be C?,
and x — S, K, be Q-Bochner integrable. Then
DKSDxk ., (Q,P)? fX fx 8251K (z,y)dQ(z)dQ(y).

Proof

Let us identify Hq @ Ho = L(H; x Ho,R) =2 L(Ha, Hi) with (v1 ® vg) ~ v1{va, ),
(since Ha = H3), so that (v1 @ vo)us = vy (va,u2)y, (here L(V,W) is the space of linear
maps from V to W). Then

(U1 ® ug,v1 @ V2) g = (U1, V1), (U2, V2) 3, = (U1, (V1 @ Uu2)v2)y,

For simplicity we will write S,K, = Sj[K]|,. Using the fact  — S,K, is Q-Bochner
integrable, then by Cauchy-Schwartz x — (h, S, Ky )a is Q-integrable. Then

DKSDk m(Q, P)? = SUPli‘L}e‘fid <fx Sp[h](2)dQ(z), fx Sp [h}(y)d@(y)%R

= bupl?he‘lgd fX h S K >HddQ fX h S K >’Hdd(@( )
1

= Supl}‘bhe‘ﬁidl fX fx<h,Sme>Hd <h78pKy>HddQ(m)dQ(y)

=suppepd [y [o(h SpKe @ SKyh),0dQ(x)dQ(y)
[Ir]<1

= Sup(\LeH’Hd f;( fx<h @ h,Sp Ky @ SpKy>HsdQ(x)dQ(y)
R||<1

Moreover [, [[SpKz @ SpKy | msdQ(2)dQ(y) < oo, since
Jx IS,y @ SpKy || 1sdQ(2) ® dQ(y)
= fx fX \/<SpraSpKw>7.[d <8pKy73pKy>HddQ($)dQ(y)
= (o VIS K S, K ) 3,24Q(x))
= (Jo ISy Ko ll30dQ(2))” < 00

since by assumption x — S, K, is Q-Bochner integrable. Thus

DKSDg ,(Q,P)2 = Supl,‘LheH;.id (h@h, [y [y SpK. © S, K, dQ(2)dQ(y)) 1,
<1

= fofxs Ky ® SpK,dQ(x)dQ y)HHS
= fo‘s KodQ(z) @ fXS K,dQ( y)HHS

= {1/ 8 KdQ()] [,
= (Jx $pK2dQ(2), [ SpK,QdY)),a
= Jx Jx(S Kus Ky)3adQ(z)dQ(y)
= [y Jx Sy S, K (2,y)dQ(2)dQ(y).
To show the penultimate equality (exchange integral and inner product), we use the fact S, K,
is Q-Bochner integrable, and that the operator W : f — (f, [, S,K,Q(dy))ya is bounded,
from which it follows that
<fXSKdQ Sy Sp KyQ(dy)> 7WUXSKd@ )] = S W[S,K,dQ(x)]
= [2(Sp Kz, [y SpEydQ(y)),,.dQx)
= fX fx (SpKa, SpKdedQ(x)d@(y)
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Hence DKSD g (Q,P)? = [, [, S2S, K (z, y)dQ(x)dQ(y).

B.3 The Stein Kernel Corresponding to the Diffusion Kernel Stein
Discrepancy

Note the Stein kernel satisfies
K = sk Vo Vo - (p@)m(@) Km(y) " p(y)

since

K =SES, K (2,y) = sy Vo - (0)m(y) Ve - (p()m(z) K))

I
SR
<

¥))
().
Note it is also possible to view m(z)Km(y)" as a new matrix kernel. That is the

matrix field m defines a new kernel K, : (x,y) — m(z)K(x,y)m (y), since K,,(y,z)" =
m(x)K (y,x)m(y)" = Kp(z,y) and for any v; € R%, z; € X,

p(u)p(w)

= 0,10, (p(x)m(x) i Krsm(y) op
~ StV Ve (i) o)

vj - K@, 2)v = vj - m(x;) K (g, z)m(z) "o = (m(x;) To;) - K(xj,20) (m(z) To) >0
We can expand the Stein kernel using the following expressions:

Vy - (p(y)m(y) Ve - (p(z)m(z) K))
= Vy - (p(y)m(y) (Km(z) " Vap + p(2) Vs - (m(2)K))).

v (py)m(y) Km(x) " Ve.p)

Hence

KO = mT(:c)V logp - Km(y)"V,logp

Vy - (m(y)K) -m(x) "V, logp+ V, ( (z)K)-m(y) "V, logp
Ve (m(z)K) - Vy-m+ Tr[m(y)V,V, - (m(z)K)

< p(2), Ksp(y)) + (Vy - (m(y)K), s ()>+<Vm-(m(iv)K)78p(y)>
+ (Ve - (m(2)K), Vy - m) + Trlm(y)Vy Ve - (m(2) K)]

B.4 Special Cases of Diffusion Kernel Stein Discrepancy

Consider

RO = sy - Ve - (p(@)mi(@) K (2, y)m(y) Tp(y))
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)T =

and decompose m(z)K(z,y)m(y)' = gA where g is scalar and A is matrix-valued. Then we

k® = g(Vylogp, AV, logp) + (V,logp, AV.g) + (Vyg, AV, log p)
+ Tr[AV, V9] + gVy - Vo A+ (V- A, Vyg) + (V, - AT, V,g)
+g(Vy - AT,V logp) + g(Va - A,V logp).

For the case, K = diag(k?,. .., k%), setting T;* = @8 i(p(x)-) then

SpSpldiag(k', ... kN = T (mu(y) T (K (z, y)mi(2))) = TP T (mui(y)k (2, y)mei(x)).
If K = Ik in components

S;%S;[Ik] = (sp(x))ik(m,y)( ( )i +8 (mirk)(s p(w))r +8xi(m(x)irk)(3p(y))r
+ 0t ()32 k) Dyt (M) + M(y)ir Oy O (M) 1K)
When p = py we are often interested in the gradient Vyk9. Note V,, - (m(y)K) = kV, - m +
Vyk-m(y), so 2
i [k(Vy - m, sp(2))] = kdg: (V- m, 5p())
0p: [(Vyk - m(y), sp(2))] = (Vyk, pi[m(y)sp(z)])
Tr[m(y)V, Vs - (m(z)K)] = Vyk"m(y)V, - m + Trim(y)m(z) "V, VK]

and the terms in Jy:k® reduce to

Bpi (sp (@), Ksp(y))
9 (Vy - (m(y) ), sp())
( ( )
m)

ki (sp(), sp(y))

kgi (Vy - m, sp(x)) + (Vyk, Bpi [m(y)sp(2)])
kg ( )sp(y)
ks (

9pi (Vo - (m(x)K), s (y)
99: (Vo - (m(2)K), V

09i (Vg -m, sp(y)) + (Vak, 0pi [m(z
i (Vo - m, Vy - m) + 0pgi(Vik - m(x), Vy - m).

When K = kI and we further have a diagonal matrix m = diag(f;), m(y)m(z)T =
diag(fi(y) fi(z)). If u ® v denotes the vector given by the pointwise product of vectors, i.e.,
(u®w); = uv;, and f is the vector, then m(z)V, logp = f(z)©OV, logp and (V, - m), = dyi fi,
(Vo - (mk)); = 0 (fik),

k(x,y) fi(z)0y: log pfi(y)0d,: logp

= 0y (fi(y)k) fi(x)0y: log p

Vo - (m(x)K) - Vy-m = 0y (fi(x)k ) ( i(y))
) - (mk)] = fi(y) 0y (fi(2)0y: k)

and if m — m1I (is scalar), (this is just KSD with k(z,y) — m(x)k(x,y)m(y)):
m(z)m(y)k(z,y)Va logp -V, logp

m(x)V,(m(y)k) - Vi logp 4+ m(y)Ve(m(z)k) - V,logp
Ve (m(z)k) - Vym +m(y)V, - (m(x)Vyk),

When m = I, we recover the usual definition of kernel-Stein discrepancy (KSD):

KSD(QIP) = [ [ sty Vo - Ve (0(@)k(, )p(y)) AQ(2)AQ(y).

2More generally Vy - (m(y)K) = (Vy -m) - K + Tr[Vy K @ m(y)] where Tr[Vy K ® m], = 6y7:Kijij and
if K = Bk

9i[(Vy - m) - Ksp(z)] = Bsraei((vy m)s(sp(x))r) = kTr[BOgi(sp(x) @ Vy - m)]
9pi [Vyk Tm(y)Bsp(x)] = 8yskBjr0pi [ms; (y) (sp(x))r]
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B.5 Diffusion Kernel Stein Discrepancies as Statistical Divergences

In the following section, we prove that DKSD is a statistical divergence, and provide sufficent
conditions on the (matrix-valued) kernel.

Proposition 4 (DKSD as statistical divergence). Suppose K is IPD and in the Stein
class of Q, and m(z) is invertible. If s, — s, € L*(Q), then DKSDk ,,(Q||P)? = 0 iff Q = P.

Proof By Stoke’ stheorem Jx Sqlv]dQ = [, V-(gmu)dz = 0 thus [, S, d@ S (Splv]—

o))dQ = [,.(sp — -0dQ, and by assumptlon S SqlK]dQ = fx qu)dx = 0.
Moreover with s, = TV log p, and 0p.q = sp — Hence
DKSDg,m(Q,P)? = [, [4 S? [ng(x,y) dQ (x)

]dQ
= f;( f)( sp(y) = sp(y)) - [SlK r,y ]d@(y)d@(az)

p(
= [ (sply) — sp(y))dQ(y)-fx[SéK(x,y]dQ(x)
= [x(sp(y) = 5, ())AQY) - [ [S; K (2. y) — S K (2,y)]dQ(x)
= [ (sp(y) = 5p(¥))dQY) - [ [(sp(x) = 5p(2)) - K (2, 9)]dQ()
= [ [ 0(2)0p 4(2) T K (2,9)8p,4(y)q(y)dady
= fx fx d,u z) K (z,y)du(y)

where p(dz) = q(x)dpq(z)dz, which is a finite measure by assumption. If S(¢,p) = 0,
then since K is IPD we have ¢d, , = 0, and since ¢ > 0 and m is invertible we must have
Vlogp = Vlogq and thus g = p. |

Proposition 5 (IPD matrix kernels). (i) When K = diag(k',... k%), K is IPD iff each
kernel k' is IPD. (ii) Let K = Bk for B be symmetric positive definite. Then K is IPD iff k
1s IPD.

Proof Let u be a finite signed vector measure. (i) If each k' is IPD, then [du' Kdp =

[k (z, y)dpi(x)dp; (y) > 0 with equality iff p; = 0 for all i. Conversely suppose [ k*(z,y)du;(x)du;(y) >
0 with equality iff u; = 0 for all 4 . Suppose k7 is not IPD for some j, then there exists a

finite non-zero signed measure v s.t., f Edv ® dv < 0, so if we define the vector measure

i = 6;;v, which is non-zero and finite, then [ k*(z,y)du;(x)du;(y) < 0 which contradicts the
assumption. For (i), we first diagonalise B = RT DR where R is orthogonal and D diagonal

with positive entries A; > 0. Then

JaduTKdp= [ kdp" RTDRAp = [ k(Rdu)" D(Rdp) = [k, y)\idv;(x)dvi(y),

where v = Ry is finite and non-zero, since p is non-zero and R is invertible, thus maps
non-zero vectors to non-zero vectors. Clearly if k is IPD then [ dp T Kdp > 0 with equality
iff v; = 0 for all 2. Suppose K is IPD but k is not, then there exists finite non-zero signed
measure v for which [ kdv @ dv < 0, but then setting p = RT¢, with & = d;;v which is finite
and non-zero, implies [du" Kdu = [kdéTDd¢ = \; [kdv @ dv < 0. [ |

B.6 Diffusion Score Matching

Another example of SD is the diffusion score matching (DSM), as introduced below:

Theorem 9 (Diffusion Score Matching). Let X = R? and consider the Stein operator
Sy in (2) for some function m € T(R¥*?) and the Stein class G = {g = (g1,...,94) €
CHX, RN LA (X;Q) : |lgll2xs0) < 13- If p,g > 0 are differentiable and s, — sq € L*(Q),
then we define the diffusion score matching divergence as the Stein discrepancy,
2 2
DSM,,,(Q||P) = sup;es, )| [x fAQ — [y fAP|” = [,||mT(Vlogq — Vlogp)|/,dQ.

This satisfies DSM,, (Q||P) = 0 iff Q = P when m(x) is invertible. Moreover, if p is twice-
differentiable, and gmm "V logp,V - (gmm ' Vlogp) € L*(R?), then Stoke’s theorem gives

DSM,,(Q[[P) = [, ([m"Vslogpll3 + [m"Viegg||3 + 2V - (mm ' Vlogp))dQ.
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Proof Note that the Stein operator satisfies

Sp[g] _ V~(z;mg) _ (Vp,mg>;-pv.(mg) = (Vlogp, mg> +V-(mg) = <mTV10gp,g> +V - (mg).

Since [, S;[g]dQ = 0, we have

2

D(QIP) = sup,cg| [y Splg)(2)Q(dx)|* = sup,cq| [+ (Splg)(x) — Slg](x))Q(dz)]
= sup,eg| [ ((V1ogp — Vlogq) - (mg))dQ|”,

2
= SUPyeg ‘ (m™(Vlogp— Vlogq), g>L2(Q)‘

= HmT(V logp — Vlogq)”iz((@)

= fXHmT(Vlogp — Vlog q)||;dQ,

where we have used the fact that G is dense in the unit ball of L?(Q) (since smooth functions
with compact support are dense in L?(Q)), and that the supremum over a dense subset of

the continuous functional F(-) = (m' (Vlegp — Vlogq), ->L2(Q) is equal to the supremum
over the closure, supg I = supgF. Suppose D(Q|/P) = 0. Then since ¢ > 0 we must have

||mT(Vlogp — Vlog q)Hz =0,ie,m" (Vlogp — Vlogq) =0, i.e., V(logp—logq) = 0. Thus
log(p/q) = ¢, so p = qe° and integrating implies ¢ = 0, so D(Q||P) = 0iff Q =P a.e..

To obtain the estimator we will use the divergence theorem, which holds for example if
X,V X € LY(R?) for X = gmm " Vlogp (see theorem 2.36, 2.28 [51] or theorem 2.38 for
weaker conditions). Note

[m™(Vlogp — Vlog q)||; =|mT"Vlogp||2 + |lmTViogq|? —2m Viogp - m'Vliogq
thus we have
[ {(mTVl1ogp,m™Viogq)dQ = [,(Vlogg,mm'Vlogp)dQ
= fX<Vq,mmTVlogp>dx
= [4 (V- (gmmTVlogp) — qV - (mm' Vlogp))dx
=— [ qV - (mm"Vliogp)dx
=— fX V- (mmTVIng)dQ.

[ |
As for the standard SM estimator, the DSM is only defined for distributions with sufficiently
smooth densities. However the §-dependent part of DSM,,, (Q,Py) 3

fX(HmTVw logpeHz +2V- (mmTngpg))dQ
= [y (||mTVm logp9||§ +2((V - (mmT"),Vlogp) 4+ Tr[mmTV? logp]))d(@,

does not depend on the density of Q. An unbiased estimator for this quantity follows
by replacing Q with the empirical random measure Q,, = %ZZ dx, where X; ~ Q are
independent. Hence we consider the estimator

éESM = argming o Q, (HmTVm logpQHZ +2((V - (mmT),Vlogpg) + Tr[mm'V? logpg])>.
In components, this corresponds to:

ODSM = argmingcg [ dQ(x)|lm(2) TV log p(x|0)[13 + 2325 4 1=y Ous O log p(]0) g (w)m i ()
+ 259 121 Our Log p(@]0) (Dys gt () () + et (2) D miju ()

We now consider the the limit in which DKSD converges to DSM. We use the following
lemma as a stepping stone.

3 Here we use V - (mmTV logp) = <V ~(mmT),V logp> + T‘I[mmTV2 logp]
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Lemma 1. Suppose ® € L*(R?), ® > 0 and [ ®(s)ds = 1. Let f, g € C(R?) N L*(RY),
then defining K., = B®., where ®.(s) =y ®(s/v) and v > 0, we have

[ @)Ky (2,9)g(y)dedy — [ f(x)"Bg(x)de, as v — 0.
Proof We rewrite
Sy [5 f(@)TBO,(z — y)g(y)dady = [, [, f(z) " Bg(z — s)dz ®,(s)ds = [, H(s)®(s)ds,
where H : X — R is defined by

= [, f(@)"Bg(z — s)dz = [, (f(x), Bg(z — s))gadz = [,.(f(2),9(z — 5))pdz.
Since f, g € C(R?)NL2(RY), the function H (s) is continuous bounded, |H (s)| < Al fllz2®a)ll9ll 2 (me)
for a constant A > 0 depending only on B, and H(0) = [ f(z )T Bg(x)dz. Given § > 0, we

can split the integral as follows:

fl8\<5 H(s)®y(s)ds + f|s\>5 H(s)®,(s)ds = I + L.

By continuity, given € € (0,1) there exists § > 0 such that |H(s) — H(0)| < € for all

|s|] < d. Let I.s = f\y|<6 Q. (y)dy > 0 since & > 0. Consider

L= H(0) = [ 5% (s)H(s)ds — H(0) = [ _, (I)V(S)<H(3)— ’}’g))ds
= Jiujes T (H(s)Ics — H(0))ds,

S‘<6 Ios

Clearly [ @, (s)ds = [y~ 9®(s/y)ds = [ ®(z)dz = 1, since z = s/ implies dz = y~%ds, so
Ies = 1-1I5 = 1*f|y|>5/7 ®(y) dy.

Then since ® is integrable, there exists v9(d) > 0s.t. for v < ~0(d) we have fly|>5/v O(y)dy <
€ and thus 0 < 1 — e < I.5 < 1. Therefore, for v < 70(0) :

[y — H(0)| =

T (1 (5) 1< — H(0))ds|

s \<<s 1<a
Is|<6 I@ ((H(s) — H(0)) <5 + H(0)(I<5 — 1))|ds
f ies P (H (s) = H(0)|T<s + |1 — T<s| H(0))ds
|s|<6 1;5)(GI<6+6H( ))ds

®(2)dz + H(0)e < (1 + H(0))e.

<
= €Jizi<s/q

For the second term, since H is bounded we have

Iy = [igss H()®y(s)ds = [ o5/, H(v8)2(s)ds < [|[Hl|so [, 5/, P(s)ds,
so that, |I3| < ||H|«e, for v < ~(6). It follows that
TKy(z,9)g(y)dzdy — [ f(2) " Bg(z) dz| = [[ H(s)®(s)ds — H(0)|
= |h +Iz — H(0)]
< | = H0)|+ |I2] — 0,

as 7 — 0 as required. |

Theorem 1 (DSM as a limit of DKSD). Let Q(dx) = ¢(x)dz be a probability mea-
sure on RY with ¢ > 0. Suppose that f,g € C(RY) N L3(Q), ® € LY(RY), ® > 0 and
Jpa ®(s)ds = 1, deﬁne v = B®, where ®,(s) = v ®(s/vy) and v > 0. Let

ki(z ,y) = ky(z,y)/v/a( =0, (z—y)/Va(x)e(y), and set Kb = Bk{. Then,
Jza Joa f(@)TKS(2,9)9(y)dQ@)dQy) = fea f(2)" Bg(x)dQ(z),  as v = 0.

In particular choosing f,g = 0p.q shows DKSDKg’m(QH]P’)2 converge to DSM,,, (Q||P) with
inner product (-,-)g = (-, B-)2
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Proof We note that f € L?(Q) if and only if f/g € L?(R%). Therefore applying the
previous result, we have that

i o F@) K, 0)9(0) 40() Q) = fy [ (VAEIS@)) Ko (1) (90) Vo)) ey
—>fX (r)"Bg(x)dQ(z), as v — 0.

Note that if k is a (scalar) kernel function, then (z,y) — r(x)k(z,y)r(y) is a kernel for
any function r : X — R, and thus k? defines a sequence of kernels parametrised by a scale
parameter v > 0. It follows that the sequence of DKSD paramaterised by K1

DKSD gz 1, (Q||P)? = [y [y a(x)0p4( Kg(x,y)ép,q(y)q(y)dxdy
converges to DSM with inner product (-,-)p = (-, B-)3 on R?,

DSMp (QIP) = [y 8q.p(x) " Bogp(2)dQ = [ [m " (Vlegp — Viog ) 5dQ

C Information Semi-Metrics of Minimum Stein Discrep-
ancy Estimators

In this section, we derive expressions for the metric tensor of DKSD and DSM.

C.1 Information Semi-Metric of Diffusion Kernel Stein Discrep-
ancy

Let Po be a parametric family of probability measures on X'. Given a map D : Pg X Pg — R,
for which D(PP1||P) = 0 iff P; = Py, its associated information semi-metric is defined as the
map 6 — g(6), where g(0) is the symmetric bilinear form g(6);; = é@oﬂ@@i (Po||IPg) |-
When g¢ is positive definite, we can use it to perform (Riemannian) gradient descent on
Po =2 0O.

Proposition 6 (Information Tensor DKSD). Assume the conditions of Proposition /
hold. The information semi-metric associated to DKSD s

goksp(0)ij = [ [ (mg (2) V20 logpe) K(z,y)(mg (y)Vy0p: log pg) Py (x)dPy(y)

Proof From Proposition 4 we have

DKSDg 1 (Pa, Po)? = [ [3 Pal@)0pypa () T K(2,9)0pg po (4)Pa (y)dzdy

where 0, ., =m, (Vlogpy — Vlogp,). Thus

0qi09i DKSDg 1, (P, P9)2 = 0i Ops fx fx Pa(T)0p, . (T )TK(*%" Y)0pe.po (¥)Pa(y)dzdy
= Oai [y [ Pal 891 Opo.pa () T K (2,4)0py p. ()P (y)dady
+ 0ai [ [ Pa(@)0pg o () T K (2,9)9i 0y p,, (¥)Pa (y)ddy,

and using 6y, p, = 0, we get:

Oori fx fX Pa(@)09i Opy po (2) K (2,9)0py p, (y)pa(y)dxdy|a:9

T
= 804”5 fX f){ poc T (80j my (v 10gp9 -V logpoc) + m(;raefv 1ng9) K(l‘, y)51?9 Do (y)pa (y)dxdy’azg

= [y Jx Pa(z)(mg 06V log po) TK(% Y)0ai0pg.p. (Y)Pa (y)dxdy|a=9
- fX f_;y Pa (13) (mgam \Y% logpg)TK(l‘, y) (mgaalv logpa) (y)pa (y)dxdy|a:9
— [ [ (mg 06:V logpe)T(fE)K(l”’ y) (myg 0g: V log pg) (y)dPg ()P (y).
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Similarly, we also get:

i [y S Da(@)8p4,po () T K (2,4) 091 0py ., (y)Pa (y)dadly|
=— fX fX (mgagiVIngg z)K(x )(me ﬁejVIngg)
= — [y Jx(mg 96:V logpy y)K(y»x)(méraerIOgPe) @)dPo(y)dPo(z)
=~ [ Jx(mg 96:Vlogpe) (y)EK (x,y) T (mg 0p: V log pe) ()dPo (y)dPo ()
= — [ Jx(mg 065V log pg) (x) " K (,y) (mg 09 V log pg) (y)dPo(y)dPo ().
Hence, we conclude that
50a:09s DKSD K 1 (Pa, Po)? = — [ [5 (Mg 095V 10g pg) (x) T K (, ) (mg i V 1og pe) (y)dPg (y)dPp ()
The information tensor is positive semi-definite. Indeed writing Vy(y) = m, (y)V, (v, Vg log py):
(v,9(0)v) = v'gi; (O)v
=[x Jx(mg (2) <U Vo logp9>) K (z,y)(mg (y)Vy(v, Vg log pp)) APy (x)dPy(y)

= [y [x(mg (2)V.(v, Vglogpe), K (x,y)mg (y)Vy (v, Vg log pg))dPg(z)dPs(y)
=[x fx<Ve(af) (z, y)Ve( ))dPg(z)dPp(y) > 0

since K is IPD. ]

y)dPg(z)dPy(y)

)" ( ( >
) ( (2)
) (

)(

C.2 Information Semi-Metric of Diffusion Score Matching

A similar calculation allows us to derive the metric tensor for DSM. The proposition below
generalises [35], who derived the metric tensor for SM.

Proposition 7 (Information Tensor DSM). The information tensor defined by DSM is
positive semi-definite and has components

gDSM fX< Tvagi log Do, mTV(‘)gj log p9>dP9.

Proof The information metric is given by g(6);; = —1 aa aeJ DSM(pal|pe)|a=e- Recall

DSM (pallps) = [ |[m T (V1ogps — Vlog pa)||spadz.

Moreover

18409 DSM(pa|ps)|,_p = 200:04s fX||mT Viogps — Viogpa)|spade| _,
= Oy fX( (Vlogpy — Vlogpa)) - (mTanglogpg)padx’aza
= [ (mT(Vlogpy — Vlogpa)) - (m T@g;Vlogpg)aaipadﬂa:e
— [ (mT8,:Viogpa) - (mTanglogpg)padx‘aze
=— fX (mTﬁeiVIngg) . (mT&ngIngg)dIP’g.
Finally ¢ is semi-positive definite,
(v, g(0)v) = vig;;(0)v] = fX vim, Oy Ogi log pe,, 0,1 0gs log pev? APy
= [, M} 0= (v, Vg log pg)m,), 0,1 (v, Vg log pg)dPy
= [(m"V(v,Vglogpg), m" V., (v, Vglogpy))dPy
= [ Im TV (v, Vglogpg)||*dPy > 0

D Proofs of Consistency and Asymptotic Normality

In this appendix, we prove several results concerning the consistency and asymptotic normality
of DKSD and DSM estimators.
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D.1 Diffusion Kernel Stein Discrepancies

Given the Stein kernel (3) we want to estimate §* = argming.g DKSDg ,,,(Q,Pp)? =
argmingco [y [y k9(2,y)Q(dz)Q(dy) using a sequence of estimators 550 € argming. o DKSD i, (Q, P)?
that minimise the U-statistic approximation (4). We will assume we are in the specified
setting Q = Py € Pg. In the misspecified setting it is necessary to further assume the

existence of a unique minimiser.

D.1.1 Strong Consistency
We first prove a general strong consistency result based on an equicontinuity assumption:

Lemma 2. Let X = R% Suppose {0 — kI(x,y)},{0 — Q.ky(z,2)} are equicontinuous
on any compact subset C C O for x,y in a sequence of sets whose union has full Q-
measure, and ||sp, ()| < f1(2), [Va - mo(@)| < fo(@), [Va - (me(2)K(z,9))|| < f3(2,9),
|Tr[m(y)VyVa - (m(2)K)]| < fa(z,y) hold on C, where fi(z)\/K(z,x); € L*(Q), and
fa, fafo, fifs € LY(Q ® Q). Assume further that 0 — Py is injective. Then we have
a unique minimiser 0%, and if either © is compact, or 0* € int(©) and © and 0 —

[f(ﬁ)Kym({Xi}?:l,Pg)z are convex, then OPXSP s strongly consistent.
Proof

Note DKSD g, (Q,Pg)? = 0 iff Py = Py- by Proposition 4, which implies § = 6* since
0 +— Py is injective. Thus we have a unique minimiser at 6*.

Suppose first © is compact and take C' = ©. Note

K2 (2, )| <[sp(@), Ksp())| + (Vy - (m(y)K), sp(2))] + (Vo - (m(2)EK), sp(y))]
+ (Ve - (m(z)K), Vy - m)| + [Tx[m(y) V), Vo - (m(z) K]|

]
< [(sp(@), Ksp(y))| + f3(y, ) fr(z) + fa(z,9) fr(y) + f3(z,9) f2(y) + fa(z,9),

From the reproducing property f(z) = (f, K(-,z)v);, for any f € H? v € R%. Using

K(y,z) = K(z,y)" we have K(-,z); = K(x,);,, where K(-,x),; and K(z,-); denote the

ith column and row respectively, which implies that K(z,-); , K(-,x); € H? and f(z); =

(f, K(-;2),i)3a- Choosing f = K(-,y) ; implies
K(@,y)ij = (K(9).5, K( @) )30 < IIK(' )ij||K(ww),i|w
= \/ ,]7 7y)7j>7-[d\/<K("x)7i’K('?x),i>Hd
= \/K (v,v) jj\/K (2, 2)i

It follows that

(sp(x), Ksp(y)) = (sp)i(@) K (,9)ij (sp); () < (sp)i(@) /K (,2)i7/K(y,9) 55 (5p); ()
< lsp(@) oo v/ K (2, )17/ K (y,9) 15 15p (1) oo
< Cfi(x)/K(z,2)i/K(y,y)551(y),

where the constant C' > 0 arises from the norm-equivalence of ||s,(y)|| and ||s,(y)||c. Hence
kY is integrable. Thus by theorem 1 [61],

Supg‘mK,m({Xi}?:laPQ)Z_DKSDKVm(Q’Pa)Q a-s..

and 0 — DKSDx.,,,(Q, Pg)? are continuous. By theorem 2.1 [48] then §OKSP 22y g+

On the other hand, if © is convex we follow a similar strategy to the proof of theorem
2.7 [48]. Since §* € int(©), we can find a € > 0 for which C = B(6*,2¢) C © is a closed
ball containing 6* (which is compact since © C R™). Using the compact case, we know

any sequence of estimators 2K € argming DKSD rom({ X} 1, Pg)? is strongly consis-
tent for #*. In particular, there exists Ny a.s. s.t. for n > Ny, [|§PKSD — 6% < e . If
0 ¢ C, there exists A € [0,1) s.t. APESP 4 (1 — \)0 lies on the boundary of the closed ball

C'. Using convexity and the fact #2¥5P is a minimiser over C, D/KﬁDK,m({Xi}?:l, Pjoxsp)? <

DKSDK’m({Xi}le,PAéEKSDHl_/\)Q) < )\DKSDKm({X ., GDKSD)2+(1—)\)DKSDK’m({Xi}f=1’P9)2
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which implies DKSD gy ({Xi}™ 1, Poxsp)? < DKSDc pm ({ X721, Pg)? and 6PKSD is the
global minimum of 6 — DKSD ., ({X;}7_,Py)? for n > Np. ]

When £° is Fréchet differentiable on © equicontinuity can be obtained using the Mean
value theorem, which simplifies the assumptions under which strong consistency holds.

Theorem 2 (Strong Consistency DKSD). Let X = R?, © C R™. Suppose that K is bounded
with bounded derivatives up to order 2, that k°(x,y) is continuously-differentiable on an
R™-open neighbourhood of ©, and that for any compact subset C C © there exist functions
f1, f2, 91, g2 such that

1. |lm T (z)Viog pg(z)|| < fi(z), where fi € L*(Q) and continuous.
2. |[Vo(m(z)"Viogpy(z))|| < g1(x), where g1 € L*(Q) is continuous.
3. Im(x)|| + [[Vem(z)|| < fa(z) where fo € LY (Q) and continuous.
4. [IVom(@)|| + [VoVam(@)| < g2(x) where go € LY(Q) is continuous.

Assume further that 0 — Py is injective. Then we have a unique minimiser 0*, and if either
© is compact, or 0* € int(©) and © and 0 — DKSDx ,,({X;}",,Ps)? are convez, then
HBKSD 18 strongly consistent.

Proof Let |[K|| + [|[V.K| + ||[V.VyK| < Ko. Note ||V, - (m(y)K)|| < 2f2(y)Ko and
Te[m(y)Vy Ve - (m(z) K)]| < 2fa(y) f2(2) Koo s0

k9 (2, 9)] < f1(2) Koo f1(y) + 2f2(2) Koo f1(y) + 2f2(y) Koo f1(2) + 3K oo f2(2) f2(y)

which is symmetric and integrable by assumption. Let S,,, m = 1,2,... be an increasing
sequence of closed balls in R, such that U®_,S,, = R?. Moreover,

[Vo(sp(z), Ksp(u)) || < g1(2) f1(y) Koo + 91 (y) f1(2) Koo
[Vo(Vy - (m(y)K), s (w)>||<2Koogz(y) 1(z) +2f2(y)g1 () Koo
[Vo(Ve - (m(2)K), V- m)|| < 2Kog2(x) fo(y) + 2K f2(2)g2(y)
Vo Tr[m(y)Vy Vs - (m(z ) N < 2Ko092(y) f2(2) + 2K fa(y) ga(z)

thus || Vgkd(x,y)| is bounded above by a continuous integrable symmetric function, (z,y) —
s(z,y), which attains a maximum on the compact spaces S, X S;,. By the MVT applied on the
R™-open neighbourhood of O, |kJ(x,y) — k2 (z, y)| < [|[Vek)(z, y)|[[|0 — o] < s(z,y)]|0 —af <
maxg yes,, S(z,y)[|0 — a||, and ko(m y) is equicontinuous in 8 € C for z,y € Sp,. Similarly,

since s is integrable, | [ k§(z,y)Q(dy)— [, k% (z, 2)Q(d2)| < ||V [ k§(z, 2)dQ(z )||||9 af <
Sy IVokg (2, 2)||dQ(2)[|0 — a|| < maxajesm Q.s(z, 2)||0 — «| < is equicontinuous in 6 € C for
r € Sp,. The rest follows as in the previous proposition. |

D.1.2 Asymptotic Normality

Theorem 10. Let X and © be open subsets of R and R™ respectively. Let K be a bounded
kernel with bounded derivatives up to order 2 and suppose that HDKSD — 0 and that there

exists a compact neighbourhood N' C © of 0* such that 6 — DKSDK_,m({XZ}izl, Pp)? is twice
continuously R™-differentiable in N and for 0 € N,

1. |lmT(z)Viogpg(2)|| + Vo (m(z) "Viegpe(z))| < fi(z), where fi € L*(Q) and con-
tinuous.

2. [m()|| + [Vam(z)|| + [Vom(2)[| + [VoVem(z)| < fo(z) where f> € L*(Q) and
continuous.

3. [[VoVo(m(z)"Viogpg()) || + [VoVeVe(m(z) Viegpe(x))|| < gi(x), where g1 €
LY(Q) and continuous.
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4. IVoVom()||+(|VoVeVam ()| +IVeVeVem(x)||+1|VeVeVeVem(x)| < go(x) where
g2 € LY(Q) and continuous.

Suppose also that the information tensor g is invertible at 6*. Then :
VN (0P85 — ) % N (0,971 (07) 971 (07)),
where
2 = [, dQ(2)([, dQy)Ve-ky(2,9)) ® ([, dQ(2)Ve-kg(z, 2)).

Proof  Note that VoDKSD s ({Xi}y,Po)? = =gy Siry Vok§(Xi, X;). Let u(0) =
Q ® Q[VgkJ]. Assumptions 1 and 2 imply that Q ® Q[||VgkJ||?] < co. By 27, Theorem 7.1 |
it follows that

Vi (VoDKSD i (X Bo)? — u(6)) 5 A (0,45(6)
where

5 = Q[Q2[Vokd — u(60)] ® Qa[Vek? — p(6)]]
= Ju (Jx Vok§(2,y)dQy) — u(8)) @ ([ Voky(w, 2)dQ(z) — u(0))dQ(x)

Note that p(6*) = Q ® Q[Vekj|o+] = Vo (Q @ Q[k§])|o=6~, and if Q ® Q[kf] is differentiable
around 6*, then the first order optimality condition implies p(6*) = 0.

Consider now VyVyDKSDc m({Xi}, P9)? = wips iy Vo Vok§(Xi, X;). Note

VeV Ve (sp(x), Ksp(y)ll = 91(2) Koo f1(y) + f1(2) Koo g1 (y)
IVeVeVo(Vy - (m(y)K), s (x)>||§ 2() Koo f1(7) + f2(y) Koog (2)
IVoVoVo(Va - (m(x)K), Vy - m)|| = f2(y) Kooga(x) + g2(y) Koo f2(2)
IVoVoVoTr[m(y)Vy V., - (m ( K% 92(y) Koo fo(x) + f2(y) Kooga(2)

Hence by Assumptions 1-4 [[VgVyVgkd|| is bounded above by a continuous integrable
symmetric function and we can apply the MVT to show equicontinuity as in the proof
of Proposition 2. Moreover the conditions of [61, Theorem 1] hold for the components of

VoVoky, ﬁ P e Ok (Xi, X;) — Q @ Q0ga Ogr k| = 0 as n — oo,
for all @ and b.
Finally we observe that Q @ Qdga g0 kY | g—pr = Jap(0%), where g is the information metric
associated with DKSD ,,. Indeed using d, , =0if p=g¢
Q ® Qs s kY] ,_,.
= 0ps 0o [y [ Po+ (2)0pg py- () T K (2,9)3py
= pa f){ fX Do~ (2)0gv Opy e (x)TK(m Y)Opo,po-
+ 0o [y [ Do+ (2)0pg,pge () T K (2,9)090 0y g (y)P0
= fx fx Do+ (2)0gv0pg py (T )TK(x Y)09aOpy pge (Y)P0x (
+ [ S P (2) 8006y e () T K (2,9)Dg Sy pg () 0+ (y)ddy | ,_,.
=2 [ [ (mg (2)V20p:+ logpe-) ' K (2,) (mg. (4)V,0pi+ log pg- ) APy (2)dPy- (y),

s0 Q ® Q0ga Dgs k8|9:9* = gap(0*). The conditions of [48, Theorem 3.1] hold, from which the
advertised result follows. |

Y)po-(y
y)pe-(y

(
(

D.2 Diffusion Score Matching
Recall that the DSM is given by:

DSM(Q|[Po) = [ ([T Valogpa; + T Viogall3 + 2V - (mm T logpy) )aQ
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and we wish to estimate
: 2 :
0* = argmingce [, (HmTVz logp9H2 +2V. (mmTVIngg))dQ = argmingcg [, FodQ
with a sequence of M-estimators §0SM = argmingcg= > 7 Fy(X;). Recall also we have

Fy(x) = ||mTV:c logpf)H; + 2<V ~(mmT), Vlogp.9> + 2Tr [mmTV2 logpg].

We will have a unique minimiser 8* whenever the map 6 — Py is injective.

D.2.1 Weak Consistency of DSM

Theorem 11. Suppose X be open subset of R?, and © C R™. Suppose log py(-) is C*(X) and
m € CY(X), and |V, logpe(x)| < fi(x). Suppose also that | V.V, logpe(x)| < fa(x) on any
compact set C C ©, where |m"| f1 € L*(Q), ||V - (mm )| f1 € LY(Q), |[mmT || f2 € LY(Q).
If either © is compact, or © and 0 — Fy are convex and 0* € int(©), then 0°M is weakly
consistent for 0*.

Proof By assumption 6 — Fp(x) is continuous. Suppose © is compact, taking C' = ©,
note

|Fy| = ‘HmTVI logpe||§ +2V- (mmTVIngg)’
= ‘HmTVx logp(;”; + Q(V ~(mmT) - Vlogpg + Tr [mmTV2 logpg])‘
Sm TP+ 20V - (mm )| fi 4 2[mm T | fo

which is integrable, so the conditions of Lemma 2.4 [48] are satisfied so § — QFy is continuous,
and supg |+ Y7 Fp(X;) — QFy| 2, 0, and thus from theorem 2.1 [48] PSM 2 g 1f © is
convex, note that the sum of convex functions is convex, so § — L 3" Fy(X;) is convex, and
we can follow a derivation analogous to the one in Theorem 4. |

D.2.2 Asymptotic Normality of DSM

Theorem 12. Suppose X, O be open subsets of R4 and R™ respectively. If (i) éESM 2 0,
(ii) 0 — logpg(x) is twice continuously differentiable on a closed ball B(e,0*) C ©, and

(iii) [[mm || +]|Ve-(mm )| < fi(z), and |V log p||+]| Ve Va log p|| 4[| Ve VoV, log p|| <
fa(x), with fif§ € L*(Q)

(iv) for0 € B(e,0%) || VoV logp|®+||Va log pl|[|[VeVe V., log pll+( Ve VeV, log pl|+[ Ve Ve V.V, log pl| <
g1(x), and f1g; € LY(Q),

and (v) and the information tensor is invertible at 6*. Then
VI (BRM —0%) % N (0,97 (07)QIV o Fy @ Vo Folg ™ (6))

Proof From (ii) 6 — Fp is twice continuously differentiable on a ball B(e, §*) C ©. Note
Voi SN Fy(Xi) = & 52N VeFy(Xy), then by (i,ii) and the first order optimality condition
Q[V@*Fg(Xz)] = V@*Q[FQ(Xi)] = 0. Note

[Vo-Fy(x)|| = [[mm |||V log p|| [ Ve Vo log pl| + | Ve - (mm ) ||| V=V log p|
+ [lmm |||V« V4 V4 log p|
S fi(@) fo(z) [ fa () + 2]

Hence from (iii) Vg-Fy € L?(Q), so by the CLT

ViV 1S Fy(Xi) L N (0, Q[ Ve Fy © V- Fy)).
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From (i), 6 — VyVeFp(z) is continuous on B(e, #*). Moreover

VoV Fo(x)|| = [lmm T [|(/[VeVa log pl|* + ||V log pl|[| Ve VeV log pl)
IV - (mm)[[[IVeVoVa logpl| + [mm T [[[|Ve VeV, V., logp|

~ fi(@)gi(x)
thus from (iv), the assumptions of Lemma 2.4 [48] applied to B(e,6*) hold, and
Sup§(576* Z 89:18ng9 9*( ) Qaga 89bF0 ox —
gab(0*) is the information tensor, which is contmuous at 0* by Lemma 2.4. The result follows
by theorem 3.1 [48]. [ |

D.3 Strong Consistency and Central Limit Theorems for Exponen-
tial Families

Let X be an open subset of R, ® C R™. Consider the case when the density p lies
in an exponential family, i.e. pp(z) o exp({d,T(x))rm — ¢(0)) exp(b(x)), where § € R™
and sufficient statistic T = (T1,...,T},) : & — R™. Then VT € I'(X,R™*9) and
Valogpg = Veb+6-V,T, VoVylogpy = VT 7.

D.3.1 Strong Consistency of the Minimum Diffusion Kernel Stein Discrepancy
Estimator

We consider a RKHS H? of functions f: X — R¢ with matrix kernel K. Recall the Stein
kernel is
k0 =V logp-m(x)Km(y) V,logp + V, - (m(z)K) -V, - m + Tr[m(y)V, Vs - (m(z)K))
£V, (my)K) -m(x) Ve logp+ Vo - (m(@)K) - m(y) TV, logp

Given a (i.i.d.) sample X; ~ Q, we can define an estimator using the U-statistic
DKSDK,m({Xi}?zppe)z = ﬁ Zl§i<j§n kO(Xi»Xj)'

For the case where the density p lies in an exponential family, then k% = 7 A9 +v T 0+ ¢ where
AeT(X x X,R™™) v € T(X x X,R™) are given by (we set ¢ =m ' VT € T'(X,R¥*™))
A= ¢(x) " K(z,y)¢(y)
= Vyb-m(y)K(y, z)p(x ) + Vb m(z) K (z, y)o(y)
+ Ve (m(@)K) - ¢(y) + Vy - (m(y)K) - d(x)
¢ = Vb -m(x)K(z,y)m(y )TV b+ V- (m(z
+Vy - (my)K) -m(z) Vb + V- (m(x)K

JK) - Yy - m + Tefm(y)V, V. - (m()K)]
)-m(y)TV,b

Lemma 3. Suppose K is IPD, that VT has linearly independent rows, that m is invertible,
and ||@|| 1 (@) < oo. Then the matriz [, AQ ® Q is symmetric positive definite.

Proof The matrix B = fX AQ ® Q is symmetric

([ AQe Q)" = [, A(z,y) ' Q(dz) ® Qdy) = [, V,Tm(y)K(z,y) "m(z) " V,T'Q(dz) ® Q(dy)
= [ VyTm(y) K (y, x)m(z) TV, TTQ(dy) ©® Qdz) = [, AQ® Q.
Moreover, set ¢ = m' VT, so A(z,y) = ¢(z) " K(x,y)é(y). If v # 0, then u = ¢v # 0
as VT'T has full column rank (i.e., the vectors {VT;} are linearly independent) and m is
invertible, and ||pv||L1(q) = [y o(@)v]1dz < [Jv]l1 [5 [|¢(x)][1dz < oo implies dp; = u;dQ is
a finite signed Borel measure for each i. Clearly
v ([ AQ@ Qv = [, u(z) " K (z, y)u(y)Q(dz)Q(dy)
= Jx K (@, y)ijui(2)u;(y)Q(dz)Q(dy)
= Jx K(@,y)ijpi(dr)p;(dy) = 0.
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Moreover since the kernel is IPD, if this equals zero then for all i: 0 = p;(C) = 4;Q(C)
¢i;v;Q(C) for all measurable sets C', which implies ¢v = 0 and thus v = 0.

Theorem 3. Suppose K is IPD with bounded derivative up to order 2, that VT has linearly
independent rows, and m is invertible. Suppose ||9|, ||Vzb|||ml, [|[Vem| +|m| € L*(Q). The
minimiser éEKSD of D/Kg)Km({Xi}?:l,IP’g) exists eventually, and converges almost surely
to the minimiser 0* of DKSD g ,,, (Q, Py).

Proof

Let X; : Q — X C R? be independent Q-distributed random vectors. The U-statistic
A, = ﬁ Y i<cicjen A(Xi, X;) is symmetric semi-definite. Since [, [[AldQ ® Q < oo, by
theorem 1 [28] the components of A,, converge to the components of B almost surely, and since
the matrix inverse is a continuous map, by the continuous mapping theorem the components
of A1 (the inverse exists eventually) converge almost surely to B~!. Hence the minimiser of

D/Kﬁ)Kym({Xi}?:l,}ng =0T A0+ v, 0+ c where v, = ﬁ Di<icj<n V(Xi, Xj) exists
eventually.

Az, y)| = Kool |o(2) [[|0(v) |
[0l = Koo[[Vybll[lm(y)[[[| ()] + Koo [ Vbl [[m(2)[ll¢(y)]]
+ (IVam| +[[m(@)[) Koo [0 ()l + (IVymll + [lm(y) ) Koo ll¢(x)]
e = Koo || Vabl[[[m(2) [ [[m(y)I[[[Vybll + Koo ([[Vaml] + [[m(z) DI Vymll+
+ Koo [m@) (1 + [[m(z)[| + [[Vaml])
Koo (IVym| + [m(y) DIVam[[[| Vbl + Koo ([[Vaml| + [lm () )[Vym[|[|Vyb]

and it follows from the integrability assumptions that Q ® Q|kj| < co. Since the product
and sum of random variables that converge a.s. converge a.s., we have that §PKSP — 0% as.|

N — a.s. —
GDKSD — 1oty 5 1pot, _ge

D.3.2 Asymptotic Normality of the Kernel Stein Estimator

We now consider the distribution of \/n(6PKSP — §*). Recall that A € T(X,R™*™) v €
I'(X,R™), and for n large enough A;! exists a.s., and O0KSD = —1 471y,

Theorem 4. Suppose ||¢]], | Vib|[|ml], |Vem| + [|m| € L*(Q). Then the DKSD estimator
18 asymptotically normal.

Proof From the integrability assumptions, it follows that v, 4 € L*(Q ® Q), and since
X has finite Q ® Q-measure, v, A 6 L'(Q ® Q). Assume first that m = 1. Hence the tuple
Un = (vn, 4n) : @ = R?, with E[U,] = ([, vQ®Q, [, AQ®Q) = (U1, Us) , is asymptotically

normal
Vn(U, — E[U,]) —>N(0 4%)
where, setting v° = v — U; and A° = A — U,

2 =E[([,v"(X,y)dQ(y fX AY(X,)dQ(y)) @ ([ v°(X,9)dQ(y), [ A°(X,)dQ(y))]

(fx (z,1)dQ(y) [, v°(z,2)dQ(2)dQ(z) [, v°(z,y)dQ(y) [, A°(z, 2)dQ(z)d Q(m))
S5 (2, 9)dQ(y) [, v° (2, 2)dQ(2)dQ(z) [, A%, y)dQ(y) [, A%(x, 2)dQ(2)dQ(x)

Since GPKSD
which states

= g(Uy), 0" = g(U) where g(z,y) = —3x/y, we can apply the delta method

VA(BPKSD — 0% = \/n(g(U,,) — g(U)) % N(0,4Vg(U)EVg(U)T)
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and Vg(U) = (=1/2U,,U;/2U3). Now let m be arbitrary. Since A € L?(Q) then setting
A'=A- [, AQ® Q we find

Vn(A, — E[Ay]) _>N(0 4%1), = [ [/ A(2,)dQ(y) ® [ A°(z,y)dQ(y)]dQ(x)
and similarly , with v* = v — [0dQ ® dQ

V(v = Elva]) % N(0,452), = [y [f2 (@, 1)dQy) @ [ v°(z, y)dQ(y)]dQ(x).
and

V((vn, An) — El(vn, A,)]) L N(0,4%)

where

Y= fX[(fX (2,1)dQ(y), [ A%(2,y)dQ(y)) ® (fX (2,1)dQ(y). [ A% (z,y)dQ(y ))]d@(m)

Let D = R™ x R™*™, which we equip with coordinates z;;x = (z;, y;x). Consider the function
g:D = R™ (z,y) — f%y’lfc, 50 g(vn, A,) = OPKSP. Note ¥ € D x D and Vg : D —
End(D,R™) = R™ x D, so that Vg(U)XVg(U)" € R™*™, First consider the matrix inversion
h(y) =y~ ', so Vh(y) € Rmxm)x(mxm) “and Vh(y) iy kr) = Oyerhij. Since h(y)ijyj = 0y
we have 0 = O (h(y)iy5t) = Okr (R(Y)ij)Ys1 + 7(Y)ij0k0r1 = Okr (M(Y)i5)yj1 + h(y)indr and

Vh( ) (is)(kr) = 8kr( (y)zj)yjlh(y)ls = _hikérlh(y)ls = _h(y)ikh(y)rs
and clearly f: x> x, then Vf(x) = 1,,xm. Moreover
Oyav 9i(2) = Oyav (R(Y)iz [(2);) = Oyas (M(Y)ij) 5 = —h(Y)iah(Y)ojzj,  Ongi(2) = h(y)u
Then

(Vg(Z)Z)” = UgiEUT = gi,zlzle + gi,y“bzyabr = h(y)ilzzlr + 8yab(h(y)is)xszyabr
= h(y)ilzzlr - h(y)iah(y)bSmSEy“bru

SO
(Vg(2)2Vg(2) Nic = (V9(2)2)ir(V9(2)er = (V9(2)2)ir0rge
= h(Y)aZe1r0rge — h(Y)iah(Y)bs s Xyav,0r ge
with
h(y)itXzir0rge = M(Y)irXat s Opp ge + h(Y) i1 Xzt yas Oyas ge
= h(y)uXgph(Y)er — h(Y)aXaryas hea(Y)R(Y)sj2;
and

_h(y)iah(y)bsl'sE rJc = _h(y)iah(y)bsxs (Eyabzkaxkgc + Zyabyldayldgc)
= —h( )mh(y)bs.%‘s (Zyabzk h(y)ck — Eyabyldh(y)clh<y)dj$j>.

Note we have

Saw = [y [ 002, 9)dQ(y) @ [ 0°(x, 2)dQ(2) = [, T(z) ® T(x)dQ(x)
Say = [y [ 0 (2,9)dQy) @ [, A%z, 2)dQ(2) = [, T(z) ® L(x)dQ(x)
Syy = [y Jx A%(2,9)dQy) ® [, A%(z, 2)dQ(2) = [, L(z) ® L(z)dQ(x)
then
4Vg(U1,U2)EVg Ul,UQ fX TU2 )d@

zfx( 1LU 'Uy) ® (TU;1)dQ
+ [ (U 'LU5'Uy) @ (U3 LU UL )dQ
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D.3.3 Diffusion Score Matching Asymptotics
Consider the loss function
L(z,0) = <Vlogp9,mmTV10gp9> + Q(V ~(mm™) - Viogps + ’IT[mmTV2 logpg]).
For the exponential family L(x,0) = 0T A0 4+ v "6 + ¢, where (we set S =mm?")
A=VTSVTT

0! =2Vb-SVTT +2V.-5.-VI'T 4 2Tr[SVT;|e;
c=Vb-SVb+2V-S-Vb+2Tx[SVVD].

Theorem 13. Suppose m is invertible and {VT;} are linearly independent. Then if A,v €
LY(Q), 0DSM eventually exists and is strongly consistent. If we also have A,v € L%(Q), then
OPSM s asymptotically normal.

Proof Let M = [AdQ, H = [vdQ. If A = VI'mm'VTT = VTm(VTm)" so
rank(A) = rank(VI'm(VTm) ") = rank(VT'm) = rank(VT) = rank(VT ") if m is invertible.
So if the vectors {VT;} are linearly independent, then VT'T has full column rank. Then
A it is symmetric positive (strictly) definite and the minimum of L(f) = [ L(z,6)dQ(z)
is 0% = f%Mle which for sufficiently large n can be estimated by the random variable
OPSM = 1 M- H,, which converges a.s. to 0.
We consider the tuple U,, = (H,,, M,,), so E[U,] = (H, M). Since A,v € L?(Q), then
ViU, = (H, M) % N (0.T)
where, setting v =v — H, A=A - M
I =E[(v°, A% @ (v°, A)].
Let D =R™ x R™*™ and consider g : D — R™, defined by g(z,y) = —%y’lx. Using the
Delta method

VA(PSM — g%y L N (0,4Vg(H, M)TVg(H, M)T)
where, proceeding as in Appendix D.3.2; we find

4Vg(H, M)IVg(H, M)" = [L,(M™1%) @ (°M~1)dQ
=2 [, (MTTAMH) @ (1*M1)dQ
+ [ (MTTAOMH) @ (MTA°M~1H)dQ

E Robustness of Minimum Stein Discrepancy Estimators

In this section, we provide conditions on the Stein operator (and Stein class) to obtain robust
estimators in the context of DKSD and DSM. In particular we prove Proposition 6 and derive
the influence function of DSM.

E.1 Robustness of Diffusion Kernel Stein Discrepancy

Let T : Po — © with T'(P) = argming DKSD g ,,, (P||Ps) be defined by IF(z, Q) = lim;_,o(T(Q+
t(6, — Q) —T(Q))/t. Denote Q; = Q+t(6. — Q), 6 = T(Q:), 8o = T(Q). Note that by the
first order optimality condition:

Vo [ o K°Q ® Qtlo, = Vo, DKSD gc n (Qu]|P) = 0.
By the MVT, there exists 6 on the line joining 6y and 6, for which

0 = fX fX v9k0|90(@t ® Qt + fX IX Vevek'o‘é@t & Qt(et - 90)
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Expanding
Qt @ Q¢ Vok®|p, = t2(6, — Q) @ (0. — Q)VgkO|g, + 2tQy Vok°|g, (2, y)
where we have used the optimality condition. On the other hand
Q: ® Q:VVekP|5 = (1 — 20)Q ® QVoVok®|g + t2(5, — Q) @ (6, — Q)VoVek®|g + 2tQ, Vo Vek®|5(2, y).
Hence
QyVok®o, (2,y) = 3((1 — 26)Q @ QVVkO|5 + 2tQ, Vo Vok®|5(z, y)) 252 + O(1),
and taking the limit t — 0, # — 6y and using a derivation as in the proof of Theorem 5
QuVok®lo, (2,9) = 5 [x [x VoVok°|g,dQ ® dQIF(2,Q) = g(f) IF (2,Q)
hence the influence function is given by
IF(z,Q) = g(6o) " [ Voklo,(2,5)dQ(y).

Suppose that the additional assumptions hold. We aim to show that IF(z, Q) is bounded
independently of z. By assumption (s,(z), K(x,y)Ves,(y)) — 0 as |y| — oo for z € X.
Moreover |(s,(z), K(z,y)Vasp ()] < Koollsp(x)||[|Vasp(y)]|, which is Q-integrable with

respect to the z-variable, by assumption. By dominated convergence theorem, it follows
that [(sp(z), K(z,y)Vesp(y))dQ(z) — oo as |y| — co. Following a similar argument, and
using the assumptions, a similar limit will hold for all terms in [ Vok°(z,y)dQ(y). Since the
influence function is continuous in z it follows that sup,cy [|[IF (2, Pg)| < oco.

E.2 Robustness of Diffusion Score Matching
The scoring rule S : X x Py — R of DSM is
S(a,Py) = 5||m "V, logpeﬂg + V- (mm"Vlogpy)(x)
Indeed the proof of Theorem 9 we have
Jx||mTVlog qH2dQ =— [, V- (mmTVlogq)dQ.
which implies QS(-,Q) = —1 [, ||mT Vlogg|*dQ, so
QS(Po) = QS(- Q) = [ (3|m TV logpo|; + 3T Vioga|” + V- (mm TV logps) )dQ

= DSM,,(Q||Py).

The influence function is then IF(z,Pp) = gpsm(0) ~Ls(z, ), where

s(x,0) = VoS(x,0) = $Ve|m ' Vylogpsll3 + VoV - (mm "V, logpy)
= 1Vy|m " V,logpsll3 + Vo ((Va - (mm?"),Viogpg) + Tr[mm' V2 logpy])
= V. Vglogpgmm 'V logpy + (VoVglogpg) Vs - (mm?T) 4+ Tr[mm TV, V.|V log pg

and where gpsm () = PgVeVS(-, 0) is the information metric associated with DSM.
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